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Temperature-enthalpy approach to the 
modelling of self-propagating combustion 
synthesis of materials 

A. K. B H A T T A C H A R Y A  
Material Science and Technology Division, Los Alamos National Laboratory, Los Alamos, 
NM 87545, USA 

A new temperature-enthalpy approach has been proposed to model self-propagating combustion 
synthesis of advanced materials. This approach includes the effect of phase change which 
might take place during a combustion process. The effect of compact porosity is also modelled 
based on the conduction, convection and radiation in the local scale. Various parametric studies 
are made to analyse numerically the effects of activation energy, non-reacting phase content, 
porosity, Blot number, etc. The model predictions of the combustion pattern are in close 
agreement with those observed in experiments. 
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= Concentration (wt %) z* = 
= Biot number = h L / k  q = 

= Fractional value P = 
= Specific heat (J kg -  1 K) q~ = 
= Heat-transfer coefficient (W m - 2  K) s = 
= Height of material, m o = 

= Heat  of reaction (J k g -  1) Subscript 
= Latent  heat of fusion (J k g -  1) 

i 
= Latent heat of fusion at eutectic (J kg -  1) 
= Thermal conductivity (W m -  1 K) r 

1, L 
= Equilibrium partition coefficient 

s 
= Reaction kinetic function 

E 
= Time (s) M 
= Non-dimensional time 

P 
= Temperature (K) s 
= Initial temperature (K) S 
= Non-dimensional temperature 
= Enthalpy (J kg -  1) n 
= Kinetic function N 
= Non-dimensional enthalpy 
= Volume fraction of non-reactive phase 
= Volume (m 3) 
= Pre-exponential constant to reaction rate 

(S - 1  } 

Cartesian co-ordinate 
Non-dimensional co-ordinate 
Non-dimensional reacted fraction 
Density (kg m -  3 ) 
A non-dimensional temperature 
Pore surface emissivity 
Planck's constant 

Initial state 
Reacted state 
Liquid state 
Solid state 
Eutectic 
Melting point of pure material 
Centre of control volume 
Southern side of central volume 
Southern control volume 
Northern side of central volume 
Northern control volume 

Superscript 
* Non-dimensional term 
n New time level 
o Old time level 
m Iteration level 

1. Introduction 
Self-propagating combustion or reaction synthesis is 
becoming increasingly popular  as a novel material 
processing technique for the production of advanced 
ceramics, intermetallics and their compounds [1-4].  
In this process, self-sustaining highly exothermic 
solid-state reactions result in a combustion wave, and 
as the combustion wave propagates through a com- 
pacted mixture of appropriate reactant powders, the 
reactants are converted to a desired product. It has 

been claimed that this process has various advantages 
including higher purity of the products [5] and elim- 
ination of any high-temperature furnaces, which gives 
rise to low energy requirements. Also, a possible re- 
duction in reinforcement/matrix interfacial reaction 
can be anticipated because of quick processing time. 

The nature of propagation of a combustion wave 
through a compacted reactant mixture is governed by 
heat-transfer characteristics and thermophysical cri- 
teria of the mixture reaction. Thus a major concern in 
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the theoretical study of combustion synthesis is the 
determination of conditions under which steady-state 
reaction-wave propagation exists. Under such steady- 
state conditions, the combustion wave virtually 
propagates at a constant velocity. However, such con- 
ditions depend on various material parameters, such 
as heat of reaction; activation energy; porosity of com- 
pact etc. in a very sensitive way. It has been observed 
[6-8] that even slight changes in some of these para- 
meters may cause different modes of combustion, in- 
cluding instability and extinction as the two extreme 
cases. Existence of various modes of these kinds re- 
suits in products that are homogeneous, layered, par- 
tially reacted and so on. 

There is much combustion-related literature on the 
propagation of fronts in reacting systems, and a num- 
ber of theoretical studies exist on wave propagation 
behaviour in solid-solid combustion synthesis. The 
basic energy equations in all of these treatments are 
developed and numerically solved in terms of temper- 
ature as the sole dependent variable [6,9, 10]. 
Merzhanov and Khaikin [6] have presented an excel- 
lent comprehensive theoretical description on com- 
bustion synthesis with major emphasis on the steady- 
state behaviour of combustion process. Hlavacek and 
co-workers [9, 10] have modelled an exothermic reac- 
tion system and numerically analysed the temperature 
history in the material. They have also made an elab- 
orate study of the stability behaviour of such a com- 
bustion front. However, when applied to a combus- 
tion problem there are two major shortcomings, in 
these approaches. Firstly, any phase-change effect is 
neglected; and secondly, because of the possibility of 
a very steep reaction front, the temperature gradient 
can be so high as to create substantial numerical 
difficulties. Also, various microstructural effects in- 
cluding porosity and pore size of the compact, and the 
effect of reinforcing phases (if any) have not been 
considered. The objective of the present work has been 
to present a new formulation of a solid-solid combus- 
tion process so that the above difficulties can be 
addressed. In this paper a temperature-enthalpy ap- 
proach has been taken to formulate the combustion 
process as typically encountered in self-propagating 
high-temperfiture synthesis of advanced ceramics, in- 
termetallics and their composites. The treatment is 
quite general in nature, so that it may be applicable to 
any relevant material system. 

2. M a t h e m a t i c a l  f o r m u l a t i o n  
The present work is mainly concerned with the treat- 
ment of solid-solid non-catalytic reactions in a 
compacted powder mass, in terms of enthalpy and 
temperature as the two dependent variables. This ap- 
proach conveniently allows us to take into account the 
variable thermal properties, insofar as they can be 
regarded as functions of temperature only, and also 
the effect of phase changes that may take place during 
the combustion process. We also consider the effects 
of porosity and temperature on the local thermal 
conductivity, k. Thus, the general energy equation for 

a reacting system may be written as 

~T 
- V Z ( k T )  + p(1 - vf)Qqb(rl, T) (1) pcp St 

where p is the average density of the compact with due 
consideration to the effects of porosity and proper- 
ties of various powder contents; cp is the specific heat; 
k is the local thermal conductivity; Q is the heat of 
reaction, vf is the volume fraction of any non-reactive 
phase content (e.g. reinforcing agent etc); qb is the 
kinetic term related to the type of reaction; and q is 
the reacted fraction to be described in terms of species 
concentration c. This paper considers only the one- 
dimensional situation in terms of the spatial co-ordi- 
nate z, as shown schematically in Fig. 1. It will be 
assumed that during a reaction the condensed prod- 
ucts are formed from the initial condensed reactant 
and the kinetic function qb(q; T) can be written as 

qb(rl' T) = k~ - R--T) (2) 

Dusinberre [11] introduced the enthalpy method to 
model the transient heat-flow problem, which has 
been later adopted by various authors [12-14] in 
modelling solidification problems by treating the 
solid-liquid region as a continuum with properties 
varying with fraction liquid, solid or a mushy phase 
containing both solid and liquid. By adopting proced- 
ures along the same lines, we first represent the basic 
equation in terms of temperature and enthalpy. This 
permits us later to incorporate the non-linear latent 
heat release through non-linear variation of the liquid 
fraction. Thus Equation 1 becomes 

P ~t -=- ~x ~x + p(1 - v f ) Q k o C ~ ( r l ) e x  p - 

(3) 

Here, the enthalpy H has been introduced to the 
transient term. A binary phase diagram containing an 
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z 
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Figure 1 Schematic representation of co-ordinate system used for 
analysis. 
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eutectic is considered to describe a typical reaction 
process between two solid materials A and B. Phys- 
ically speaking, this reaction may involve different 
phases during the reaction process in the following 
four regions: (i) Solid phase, product is below the 
solidus line; (ii) eutectic phase, product can have liquid 
eutectic and posteutectic solid; (iii) mushy phase, 
product can have posteutectic liquid and solid; (iv) 
liquid phase, product is above the liquidus line. The 
relationship between temperature and enthalpy in 
these four regions is as follows: 

Solid phase, H = Cpr T, T < TE 

Eutecticphase, H = cprT + flEAHsE, T = r E 

Mushy phase, H - cp~ T + f~AHsL, TE < T ~ TL 

Liquid phase, H = c p l T +  AHsL, T > T L  (4) 

In the above description, Cpr in the mushy zone in- 
cludes the appropriate effects of both solid- and 
liquid-phase content. We also assume that the average 
thermal conductivity and specific heat for the reacted 
and unreacted solids are the same. Hence the temper- 
aturemnthalpy relationship is the same for both. The 
fraction of liquid at any temperature is given by the 
Scheil equation [-15] as 

1 
fi = ( ~ ) . - ~ ' ~  (5) 

where q~ is an appropriate non-dimensional temper- 
ature reflecting liquidus and melting temperature, and 
k' is the equilibrium partition coefficient. The weight 
fraction fE of the eutectic is determined by the 
equation 

1 

= ( 6 )  

where Co and CE are the initial and eutectic solute 
contents, respectively. 

We consider here that the reactant A is in excess of 
reactant B, so that the reaction process can be de- 
scribed as a first-order reaction and thus the function 
r in Equation 2 can be expressed as 

O(q) = Co(1 -- rl) (7) 

where Co is the initial concentration and rl = 1 - C/Co. 
To evaluate rl we will take resort to the mass balance 
equation which, in the present case, is given by 

~c _ ~ t  k0c exp( - - i f -T)  (8) 

Equations 3-8 thus describe a typical combustion 
process and can be solved with appropriate initial and 
boundary conditions. We can non-dimensionalize the 
governing Equations 3, 4 and 8 using the following 
reference values of enthalpy and temperature: 

_ 1 f o ( H - H s * E ) d v  - H - H ~ ' E  
pv j~ AH~L AH~'L 

0 = Cpr(T-  TE) (9) 
AHs*L 

where H~'E = Cpr(TE - To). 
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We also use the following non-dimensionalization 

k z tks 
k* = -- z* H ' z  - (10) 

ks' H 2 p c p r  

The transformed energy Equation 3 thus becomes 

~r ~2(k*0) 
~Z ~Z .2 -4- (1 - vf)TV(1 - -  1"1) 

( 1 )  
xexp N + fl0 (11) 

where the dimensionless reaction parameters y, v, 
N and 13 have been defined as 

f~ = \ % d \  F~ / 

The non-dimensional relationships between enthalpy 
and temperatures in various phase zones are derived 
from Equation 4 in the following manner. 

Solid phase, qb' = 0 - C p r ( T -  TE) ~,' 
AH*L ' ~< 0 (13) 

AH*E 
Eutectic phase, qb' = f i e -  

AH*L 

0 = 0 

r AH& 
0 ~< qb' ~< J E A ~ L  and 

Mushy phase, qb' = fl + 

0 <f ,~  .<f~ 

Cpl(T- TE) 
AH~'L 

(14) 

0 = (00' - A)  Cpr 
Cpl 

f l =  - -TL 
AH*L O- ] - - -  

Cp,( TM - TE) J 

1 
(1 -k') 

k = k~(1 - f i )  + k , f  

cp,(TL -- rE)) 
fE<*'<" ~+ T~L (15) 

Liquid phase, qb' = 1 + 
Cpl(T- TE) 

AHs*L 

0 = ( # - 1 )  c"' 
Cpl 

qbf > ( 1 + Cpl(TL -AH~'L TE!) (16) 
The mass balance Equation 8, when appropriately 
transformed, becomes 

~ -  = v(1 - n) exp N + [30 



The porosity of the powder compact will have an 
important effect on the average density p and the 
thermal conductivity k. The density at a porosity p is 
given as p = ps(1 - p), where Ps is the solid density at 
zero porosity which can be considered as the average 
of the powder mixture. For calculating the effect of 
porosity on the thermal conductivity, we make a sim- 
plifying assumption that the mixed powder particles, 
including reinforcing inert particles (if any), can be 
approximated to have an average diameter which is 
uniform throughout the compact. For simplifying cal- 
culations, we also assume that after cold compaction 
the powder particles are stacked up as shown in 
Fig. 2a, showing that the particles are squeezed uni- 
formly [16]. The transport of heat through a porous 
compact occurs by a combination of conduction, con- 
vection and radiation. Their cumulative effect can be 
represented by an overall local thermal conductivity 
ke which should be considered for thermal conductiv- 
ity k* in Equation 11. The modelling of overall ther- 
mal conductivity in a compact powder mass has been 
reported elsewhere 1-16, 17]. Here, the geometry of the 
compact has been modelled as in Fig. 2a and b, with 
the simplification that the pores have a single charac- 
teristic size v, and that all pores are evenly spaced by 
a distance l perpendicular to the heat-flow direction. 
The effective conductivity can then be expressed 
as [16] 

ke 
k*  - -  

ks F 1(4e~vT 3 kp) z + 7 + ( 1  + r )  + 
/ \  ks 

(18) 

Particles 

(Q) I d~ 

I 

I~ [ ]  [ ]  [] [ ]  n [] 

[ ]  0 0 n n 0 

I~ 0 0 n []  [ ]  [] 

I Heot flow direction 

(b) 

Figure 2 Transformed model representation of a compact in terms 
of solid powder and isolated regular arrays of closed pores. 

where iP is the average temperature of pore surface, 
and 

v p l l3  
5 -- - -  

1 1 - -  pl13 

(I + 5) k \ l  + 5,/ln(1 + 5) + 1 
Z = 

51n(l + 6) 

1 
F = 1 + (19) 

where e and o are the emissivity of the pore surface 
and Planck's constant, respectively, kp is the thermal 
conductivity of the pore fluid, and g is an adjustable 
parameter that relates the conduction across the pores 
to the local conductivity of the solid. It is reasonable 
to approximate the average pore temperature T as the 
local temperature T in the compact. Equation 18 
can then be rewritten in a fully non-dimensionalized 
form as 

k* ke 

z + 7 + ( I + F )  Ca l+c . - -~0  + ~  

(20) 
where f~ = 4v~crT3/ks is a pore-size-dependent para- 
meter and reflects the relative importance between 
thermal conductivity due to radiation and thermal 
conductivity of the solid powder. The effect of non- 
reacting reinforcing phases which may be used for 
synthesizing a composite, e.g. Ti + C + SiC, is con- 
sidered through the volume fraction term vf and also 
by appropriately modifying the thermal conductivity 
k+ and solid density 9~ of the powders. 

3. Numerical solution 
The propagation of the reaction front in the porous 
compact is represented by the governing non-linear 
Equations 11 and 17, along with appropriate initial 
and boundary conditions which will be described later 
when we consider a specific example. These equations 
have been solved by using the control volume formu- 
lation of finite difference equations. The initial step in 
obtaining a finite difference representation is to subdi- 
vide the region of interest (only the z-variable in the 
present case) into a number of small elements. Then 
nodal points are placed at the centre of each element 
and the values of the enthalpy, qb', and temperature, 0, 
at these nodes are calculated as functions of time, ~. 

Integrating the energy equation over a volume ele- 
ment shown in Fig. 3, we obtain the following finite 

~q~--dz-~ z 

S s P n N 

Figure 3 Schematic representation of a typical control volume in 
z-co-ordinate system with given positive direction for computa- 
tional scheme. 
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difference equation for the control volume, P, where 
subscript is used to denote node location, and super- 
scripts n and o are used to denote new and old time 
steps, respectively 

a~ ,q~  n + apO~, - -  (1 - Vf)V~'(1 - -  11) 

x exp N + ]30~ 

where 
o to RHS = dsO~ + dnO~ + apqbp 

1 

A~ 

k* 
M s = 

(Z n - -  Zs)(Z P - -  Zs)  

k* 
d n 

(Zrt - -  Zs)(Z N - -  Zp) 

(21) 

k* in these equations is obtained from Equation 20 by 
considering appropriate porosity and pore size. 

The finite difference Equation 21 at all node points 
is solved by using the Gauss-Seidel iterative tech- 
nique. This method was selected because the iterations 
necessary for the solution and the iterations necessary 
to ascertain the appropriate qb'-0 relationship in vari- 

ous phases could be carried out simultaneously. Also, 
the method needs very little computer memory due to 
its specific iterative nature. Once the solution at a time 
level is obtained, the initial solution of the new time 
level is set equal to that of the old one and a new 
transient iteration is started. At the same time, the left 
hand side of Equation 21 is updated based on the 
following 0 '-0 relationships at the appropriate phase 
zones. 

In solid zone (below eutectic), RHS < 0; 0~ = qb~ n 

(a~, + ap)~P - (1 - vf)w(1 - q) ( 1 )  
•  N .i--~d~n = RHS (22) 

In eutectic zone 

0 <~ RHS 

- (1 - vf)vv(1 - 

0~, = 0 

1 
(23) 

In mushy zone 

o AH~k_ [ 1"~-] 
aafE~--ff~ r ( 1 - v f ) v T ( 1 - q ) e x p [ - ~ j j < ~ R H S  

C p I ( T L -  T E )  7 Cpr(TL - -  T E )  

+ AH*L J + ap AH*L 

F 
-- (1 -- Vf)VT(1 -- q)exp [ - 

= f l  "1- Cpl O~ 
Cpr 

N + ~ Cpr(TL -- TE) 
AH*,. 

( a ~ + a p  Cpr'] @ + CP~ 0 ~ ) -  ( 1 -  v f )vy(1-  rl) exp(  
Cpl f Cpr 

1 
[TM-- TE AH*L on ] 1-k' 

f, = ~ ~ cprITM--r,3 :P 

1t 
1 t Cpr 

N + 130r, - a p A -  Cpl 

k = ks(i -A) + k,A 

In liquid zone 

c A T ~ -  rE)-] a~ %,(v~ - rE) 
+ AHJ'L .J + AHs*L 

- (1 - v f ) v y ( 1  - q)exp [ 
N + ~3 ep~(TL -- Tz) 

A Iq ~L 

0r, = ( % " - 1 )  %~ 
Cpl 
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( Cpl,] I 1 1 Cpr exp - - - a p -  = 

N + 13 cpr (~p  _ 1) cp~ Cpl 
RHS (25) 

Equations 22-25 provide the relationship of 0~, and 
qb[, n in the various phases. Except for Equation 23, all 
these equations contain 0~, or qbil' in a highly non- 
linear way. These equations are solved for qb~," in Equa- 
tions 22 and 25 by using the Regula-Falsi method. 
From the values obtained for ~,", 0~ are calculated. In 
Equation 24, 0~ and f are solved simultaneously by 
using the same method, and then from these values 
qb~, " is calculated. Although Equation 17 for 11 is 
coupled with Equation 11 for 0' and 0, we could 
decouple it to reduce complexity in the analyses by 
considering i"1 values of the previous step as the ap- 
proximation of 1"1 values in the current step. Then from 
Equation 17, with appropriate initial conditions, we 
can write 11 as 

I f o  ( 1 ) d r ]  (26) q = l - e x p  - v e x p  N+130 

The process of transient iteration is repeated for all 
nodes and the recorded changes in 0' values relative to 
the first guesses are examined to see if they satisfy 
a 'relative error' criterion separately at every node 
point which is defined as 

q b''~ ~< 0.00001 (27) 

where m is the ruth iteration in the current time step. 
The "residual norm" criterion which is based on the 
residues of the finite difference Equation 21 was also 
checked at all control volumes. For all practical pur- 
poses, in the present calculation solutions with reason- 
able accuracy were obtained by satisfying criteria in 
Equation 27 alone, and hence only this criterion was 
used for all calculations reported here. Because of the 
non-linear nature of the algebraic equations, the ques- 
tion of numerical stability was also examined by nu- 
merical experimentation with various combinations of 
spatial and time steps. Instability was never encoun- 
tered, and a time step of 0.005 and spatial step of 0.01 
were found to be accurate enough to provide satis- 
factory results with good convergence. 

4. Resul ts  and d i s c u s s i o n  
The temperature-enthalpy model developed here and 
the numerical calculation procedure described above 
were employed to obtain sets of results for various 
types of parametric values. A specific example of TiC 
combustion synthesis has been considered and the 
relevant physical properties of TiC used for the calcu- 
lation are indicated in Table I for a compact of length 
0.1 m. With reference to the Ti-C phase diagram [18] 
(Fig. 4), we consider the Ti:C ratio as 50:50 for the 
present calculation. The use of this composition in the 
present calculation demonstrates the generality of this 
approach for considering compositional varieties that 
may be present while synthesizing a particular powder 
mixture. It is possible to look at the effect of 

TABLE I Relevant thermo-physical properties related to the 
reaction Ti + C = TiC. 

Heat of reaction, Q 
Adiabatic reaction temperature, Ta 
Activation energy, E 
Latent heat of fusion, AH~L 
Melting temperature of pure material, T M 
Liquidus temperature, TL 
Eutectic temperature, TE 
Specific heat, Cp 
Thermal conductivity of solid, ks 
Thermal conductivity of liquid, kL 
Average density of solid powder, p 

3070 kJ kg- 1 
3290 K 
117 kJ mol- 
1400 kJ kg- 1 
3340 K 
3275 K 
3049 K 
561 J kg- ~ K 
1 9 6 W m - l K  
124Wm ~K 
3384 kg m 3 

stoichiometry on the combustion process by reading 
the binary diagram for a particular composition and 
appropriately calculating fE in Equation 6. The fol- 
lowing two non-dimensionalized boundary conditions 
Equation 28a and an initial condition Equation 28b 
have been considered for obtaining the necessary solu- 
tions of the governing equations 

at z* = 0, 0 = 0i 
~O z > O  

z* = 1, ~z* - Bi[0(z* = 1 ) -  0o] (28a) 

a tz  = 0, 0 = 0o for0~<z*~<l (28b) 

The time-space temperature distribution in the corn- 
busting material was studied for parametric values of 
the left surface temperature 01, Biot number Bi, poro- 
sity p, non-reactive phase content Ve and the activation 
energy E for cases where the initial compact temper- 
ature has been assumed to be the ambient temperature 

00. 

4.1. Effect of left surface temperature,  0~ 
After the left surface temperature was instantaneously 
brought to a sufficiently high temperature, 0i, and was 
held constant, the temperature variations with non- 
dimensional time in the compact are shown in Figs 
5-7. Here we have considered the material to be of 
zero porosity and the Biot number has been fixed at 1. 
The general pattern of temperature distribution 
clearly indicates that there is a certain amount of 
heating-up time associated with a competition be- 
tween heat released in reaction and heat transfer char- 
acteristics. As intuitively expected, this heating up 
time is reduced when 0i is increased, resulting in 
steeper temperature profiles at higher 0i. After the 
temperature at nodes neighbouring the ignited left 
node attain a sufficiently high temperature, the 
exothermic reaction starts generating enough heat so 
that the reaction becomes self-sustaining and the front 
propagates through the mass. As seen in these figures, 
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Figure 4 Binary phase diagram for Ti-C system [18]. 
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Figure 5 Time-space temperature profiles for fully dense compact 
(0~ = - 0 . 5 ,  B~ = 1, p = 10%) at �9 = (a) 0.005; (b) 0.05; (c) 0.1; 
(d) 0.15; (e) 0.2; (f) 0.25. 

the m a x i m u m  tempera tu re  is achieved somewhere  in- 
side the domain .  This is par t ly  a consequence of artifi- 
cially res t ra ining the left node  t empera tu re  at a con- 
s tant  value, and  par t ly  because there is no hea t  loss 
from the left surface. However ,  changing  the left node  
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Figure 6 Time-space temperature profiles for fully dense compact 
(0i = -0.25, B~ = 1, p = 0) at �9 = (a) 0.005; (b) 0.025; (c) 0.05; (d) 0.1; 
(e) 0.15. 

condi t ion  would  not  affect the overal l  pa t t e rn  of tem- 
pera ture  profiles. It is interest ing to note that  the 
m a x i m u m  tempera tu re  0m,x achievable in the combus-  
t ion process remains  more  or  less the same, i rrespect-  
ive of the hold  t empera tu re  at  the left surface. The 
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Figure 7 Time-space  temperature  profiles for fully dense compact  
(0~ = -0 .75 ,  B~ = 1, p = 0) at z = (a) 0.005; (b) 0.05; (c) 0.15; (d) 0.25; 
(e) 0.375; (f) 0.5; (g) 0.75. 
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Figure 8 Time-space  reaction conversion profiles (Oi = - 0 . 5 ,  
B~ = 1, p = 0) for fully dense compact  at r = (a) 0.005; (b) 0.025; (c) 
0.05; (d) 0.1; (e) 0.15; (f) 0.2; (g) 0.25; (h) 0.275. 

most important  observation in these plots is that, once 
the ignition process starts and the front begins to 
move, the velocity of propagat ion continues to in- 
crease as the front sweeps through the domain. Evi- 
dently this behaviour in a compact with zero porosity 
signifies an unsteady combustion process (non- 
constant pattern profile) with a continually increasing 
combustion velocity. Fig. 8 is a representative reac- 
tion-concentration profile for 0~ = - 0 . 5  and B~ = 1. 
Since q and 0 are closely coupled in nature, we ob- 
serve rl to behave in a similar way as 0. This also acts 
as a verification of the numerical scheme used in the 
calculations. 

4.2. Effect of Biot  number  B i 
The calculation procedure was also tested on prob- 
lems where the convective heat transfer characteristics 
at the right surface of the material with zero porosity 
were varied by maintaining a fixed value of 0i = - 0.5. 
The results of these calculations are shown in Figs 
9 and 10 for Bi = 0.1 and 10, respectively. The temper- 
ature profiles (Figs 5, 9 and 10) are as expected, and 
show that the propagat ion process is strongly affected 
by the heat-transfer boundary condition on the free 
surface. As the Blot number  increases, we observe 
a considerable slowing down in the propagat ion beha- 
viour, although the combustion still becomes un- 
steady at lower Biot numbers (Bi = 0.1 and 1). How- 
ever, it seems that for a very high Biot number  
(B~ = 10) the propagat ion process tends toward being 
stable. This indicates that, even for a compact  with 
zero porosity, the combustion process in this material 
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Figure 9 Effect of free surface heat loss on the t ime-space temper-  
ature profiles (03 = -0 .5 ,  B~ = 0.1, p = 0) at ~ = (a) 0.005; (b) 0.05; 
(c) 0.1; (d) 0.15; (e) 0.2; (f) 0.25. 

can be stabilized by substantially increasing the heat 
loss characteristics at the remote free surface. Closer 
observation of Figs 5, 9 and 10 also indicates a large 
effect of the Blot number  on the maximum achievable 
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Figure 10 Effect of free surface heat  loss on the t ime-space  temper-  
a ture  profiles (0i = - 0 . 5 ,  Bi = 10, p = 0) at z = (a) 0.005; (b) 0.05; 
(c) 0.15; (d) 0.2; (e) 0.25; (f) 0.375. 
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Figure I1 Effect of porosi ty  (p = 10%) on the t ime-space  temper-  
a ture  profiles (0~ = - 0 . 5 ,  B~ = 1, p = 10%) at �9 = (a) 0.005; (b) 0.05; 
(c) 0.15; (d) 0.2; (e) 0.25. 

combustion temperature, resulting in a reduction of 
(~max at high Biot number. 

4.3.  Effect  of  poros i ty ,  p 
Figs 11-13 show the effect of porosity on the combus- 
tion characteristics when we have considered fixed 
values of Bi = 1 and 01 = - 0.5. Compared to zero 
porosity we now observe a distinctly different behavi- 
our. The temperature profiles are now much steeper 
for all porosity levels. This indicates a narrow reaction 
zone around the combustion front. Similar behaviour 
is also observed in the concentration profiles shown in 
Fig. 14 for a typical porosity level of 25%. This beha- 
viour gives r~se to a stable and constant velocity pro- 
file for all porosities. This change in pattern is 
primarily due to the influence of local thermal con- 
ductivity on the heat transfer process. As seen in 
Equation 20, the overall thermal conductivity is con- 
siderably reduced with the increase in porosity. This is 
to be expected in a porous compact, because all of the 
pores (assumed to contain air) now act as insulating 
devices with regard to the local heat transfer process. 
The local exothermic reaction, however, continues 
and thus become localized around a narrow zone in 
the material. Also, the maximum combustion temper- 
ature and the combustion front velocity gradually 
decrease with the increase in porosity. This prediction 
is consistent with experimental observations by vari- 
ous authors [19, 20] on different materials. In these 
calculations we have considered the pore size para- 
meter D to be 0.1 which, for this material system, 
reflects an  average pore size of 14 gin. This order of 
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Figure 12 Effect of porosi ty  (p = 25%) on the t ime-space  temper-  
a ture  profiles (01 = - 0 . 5 ,  Bi = 1, p = 25%) at z = (a) 0.005; (b) 0.05; 
(c) 0.15; (d) 0.25; (e) 0.375; (f) 0.5. 

value is typical for a particular compact used in com- 
bustion synthesis. In the present treatment we have 
not considered the effect of changing porosity on the 
resulting pore size. Under a constant compaction 
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Figure 14 Time-space conversion profiles in a compact having 25% 
porosity (0, = -0.5,  Bi = 1) at z = (a) 0.025; (b) 0.1; (c) 0.2; (d) 0.25; 
(el 0.375; (f) 0.5; (g) 0.625. 

pressure, it is reasonable to expect that to achieve 
different porosity, we will obtain different pore sizes in 
the resulting compact. An attempt has been made 
recently by the author [21] to treat this problem 
explicitly, although it has not been included here for 
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Figure 15 Effect of non-reacting compositing phase (10% SiC, 
Bi = 1) on the time-space temperature profiles in a 25% porous 
compact at z = (a) 0.005; (b) 0.05; (c) 0.15; (d) 0.25; (el 0.375; (f) 0.5. 

the sake of simplicity in presenting results. However, it 
was found that for quite large pore sizes the local 
overall conduction process may even increase beyond 
that for solid conductivity due to enhanced contribu- 
tion from radiation across the pore surfaces. Thus in 
such cases of large pores, the very steep temperature 
profiles in Figs 11-13 may revert back to those similar 
to the case with zero porosity (Fig. 5), resulting in an 
unsteady combustion front. 

4.4. Effect of non-reacting reinforcement 
content, vf 

The model formulation is also capable of considering 
the effects of inert compositing phases which may be 
included while synthesizing ceramic or intermetallic 
composites. To demonstrate this, we have considered 
a synthesis of TiC + SiC composites from a powder 
mixture ofTi, C and SiC. Figs 15-17 show the temper- 
ature distribution for combusting a compact with 
a 25% porosity level, and the SiC content has been 
varied up to 30%. Solid density and the thermal 
conductivity of the compact has been calculated with 
due consideration of the SiC content. The model pre- 
diction indicates that the steady-state combustion is 
feasible in such a composite up to the maximum SiC 
content (30%) considered in these plots. However, as 
can be expected, the addition of non-reactive inert 
phase reduces the combustion velocity when com- 
pared to that for a material with same porosity and 
containing no inert phase. Also, the maximum com- 
bustion temperature gradually decreases as the SiC 
content is increased, which is to be expected as the 
inert phase acts as heat sinks and thus reduces both 
combustion temperature and velocity. 
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Figure 16 Effect of non-reacting compositing phase (20% SiC, 
Bj = 1) on the time-space temperature profiles in a 25% porous 
compact at z = (a) 0.005; (b) 0.05; (c) 0.15; (d) 0.25; (e) 0.375; (f) 0.5; 
(g) 0.75. 

Figure 18 Effect of activation energy on the temperature profiles 
(01 = -0 .5 ,  p = 0, Bi = 1, Erer = 117 kJ tool-  1) for Erer/E = (a) 0.9; 
(b) 1.0; (c) 1.1; (d) 1.2. 
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Figure 17 Effect of non-reacting compositing phase (30% SiC, 
B~ = 1) on the time-space temperature profiles in a 25% porous 
compact at z = (a)0.005; (b) 0.05; (c) 0.15; (d) 0.25; (e) 0.375; (f) 0.5; 
(g) 0,75. 

4 . 5 .  E f f e c t  o f  a c t i v a t i o n  e n e r g y ,  E 

It has been observed experimentally [22] and also 
numerically analysed [10] that the activation energy 

plays a key role in deciding Whether the combustion 
process wilt be stable or unstable. In a typical combus- 
tion process, compounds could form by solid-state or 
liquid-state reactions. Experimental studies by Holt 
and Munir [8] on the synthesis of TiC have shown 
that there could be a large range of activation energy 
depending on the actual composition of Ti and 
C which could determine the stable or unstable mode 
of combustion. Numerical analysis by Dimitriou et  al. 

[10] also predicted a very  sensitive dependence of 
activation energy on the stability of the wave front. In 
Fig. 18 we show the present model prediction of the 
effect of E on the temperature distribution at a fixed 
time T = 0.1. The value of E has been changed from 
E r e f / E = 0 . 9  to 1.2 where E r e f =  l l 7 k J m o 1 - 1  has 
been used for all other calculations. It is evident that 
E has a very strong effect on the combustion process, 
and the plot shows that by decreasing the activation 
energy it is possible to reach a higher combustion 
temperature in less time, which gives rise to increased 
combustion velocity. 

4.6 .  S t e a d y - s t a t e  c o m b u s t i o n  v e l o c i t y  
Finally, we present the variation of non-dimension- 
alized steady-state combustion velocity with porosity, 
and also the SiC content, in Fig. 19. The velocity is 
calculated as V* = Az*/Az in the steady-state regime 
of the appropriate domains. The left vertical axis rep- 
resents percentage porosity values of a compact, and 
the right vertical axis indicates the percentage SiC 
content in the composite with 25% porosity. As seen 
in the plot, the velocity V* quickly drops by increasing 
the porosity level from 10 to 15%. The rate of this 
drop gradually slows down and it appears that it 
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reaches some constant velocity at very large porosity 
level. It is interesting to note here that the combustion 
process gives rise to a steady-state propagation for 
10% porosity although the front velocity is quite high 
in this case. However, we have seen earlier in Figs 5-7 
that the compacts with zero porosity give rise to 
continually increasing combustion velocity, which in- 
dicates unsteady propagation. This clearly signifies 
the important role of porosity in the combustion heat- 
transfer phenomena. A decrease in combustion velo- 
city with increasing porosity, as we observe here, has 
been experimentally observed by various researchers 
[19, 20]. 

On the other hand, by increasing the SiC content 
from 0% at a fixed porosity level of 25%, the reduc- 
tion in velocity is gradual and it is observed that at an 
extrapolated value of 47% SiC content, the propaga- 
tion velocity reduces to zero. This signifies that at this 
level of reinforcement, the combustion process will 
possibly lead to extinction. We have only indicated 
results for 25% porosity and its SiC composite for 
illustration. However, TiC-SiC composites having, 
say, 40-50% porosity (which is a typical green com- 
pact porosity), will give rise to lower combustion velo- 
city and also the limiting extinction will take place at 
a lower SiC content. 

In all of the above calculations, the description of 
the various reacted phases at a particular time and 
location are directly obtainable as natural by-product 
of this formulation. These calculations may include 
solid and liquid content if the material is in the mushy 
or in the liquid phase. This permits us to be able to 
draw appropriate "phase maps" evolving with time. 
A detailed discussion on this aspect will be the subject 
matter of a later report. 

5. Conclusions 
A powerful temperature-enthalpy model has been de- 
veloped to analyse self-propagating high-temperature 
combustion synthesis. This technique has been dem- 
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Figure 19 Dependence of non-dimensional steady state combustion 
velocity on the porosity of compact and non-reacting compositing 
phase (SIC) content. 

onstrated to be particularly useful in considering the 
various aspects of phase change that take place during 
the combustion process. It is also demonstrated how 
the important effect of green compact porosity can be 
adopted in such an analysis. The model equations 
have been solved by a finite difference technique, and 
the various important parametric effects have been 
studied. These results indicate that the model can 
predict the conditions for steady-state propagation 
under various operating conditions. Also, the max- 
imum combustion temperature under these conditions 
is automatically obtained from these simulated results. 
It is seen that decreasing compact porosity level in- 
creases combustion wave velocity. Also, the model 
successfully predicts that by increasing the content of 
non-reacting species, the combustion wave velocity 
gradually decreases, eventually leading to extinction 
of the combustion process. It is also seen that the 
boundary condition can significantly alter the propa- 
gation behaviour in a fully dense compact and thus, by 
increasing the heat-loss condition to a high value, the 
wave propagation can change from unsteady to steady 
behaviour. All these predictions from the model are in 
close agreement with experimentally observed trends. 
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